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We propose a realistic scheme to detect the 4D quantum Hall effect using ultracold atoms. Based on
contemporary technology, motion along a synthetic fourth dimension can be accomplished through
controlled transitions between internal states of atoms arranged in a 3D optical lattice. From a semiclassical
analysis, we identify the linear and nonlinear quantized current responses of our 4D model, relating these to
the topology of the Bloch bands. We then propose experimental protocols, based on current or center-ofmass-drift measurements, to extract the topological second Chern number. Our proposal sets the stage for
the exploration of novel topological phases in higher dimensions.
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In the past decade, there have been rapid developments
in the control of coherent quantum systems. These
advances have led to the experimental exploration of
fundamental quantum mechanical concepts, many of which
were previously only of theoretical interest. Specifically,
fascinating artificial systems can now be engineered with
atoms in optical lattices, where topological order, gauge
structures, disorder, and interactions can all be tuned and
probed in novel ways [1–3]. One such important recent
achievement has been the realization of artificial magnetic
fields and topological Bloch bands using time-modulated
two-dimensional (2D) optical lattices [4–8].
Optical lattices can be tailored to realize lattice geometries of varying spatial dimensions dreal ¼ 1, 2, 3. Moreover, increasing control over atomic internal states
[1–3,9,10] has extended design flexibility as “motion”
along an auxiliary (synthetic) dimension can be mimicked
by laser-induced transitions between internal states [11–14].
This effectively generates dynamics within synthetic geometries with d ¼ ðdreal þ 1Þ “spatial” dimensions, in addition
to the usual time dimension. This was recently demonstrated
in experiments, where 2D physics was explored with atoms
in a one-dimensional optical lattice with a synthetic dimension [15,16]. These developments naturally open up the
possibility of emulating systems with higher dimensions
d > 3. For example, adding a synthetic dimension to a threedimensional (3D) optical lattice would simulate a system in
four dimensions (4D). Importantly, artificial gauge potentials
[2,3] can naturally be introduced in atomic systems with
synthetic dimensions [12] in the form of Peierls phase
factors. These gauge structures can be finely tuned through
the laser coupling, allowing experiments to explore topologically nontrivial energy bands in higher spatial
dimensions.
In the fast-expanding field of topological phases of
matter, the energy bands of a system are associated with
0031-9007=15=115(19)=195303(6)

topological indices that are robust to continuous deformations. Nontrivial indices are usually associated with interesting boundary phenomena, quantized responses, and
exotic quasiparticles [17,18]. In the 2D quantum Hall
(QH) effect, the quantized Hall conductance is related to
the sum of the first Chern numbers (1CNs) of the filled
energy bands [19]. In 4D, even more intriguing quantum
Hall phases may exist, as first predicted for time-reversal
(TR) symmetric systems [20,21]. In the 4D QH effect,
energy bands possess an additional nontrivial topological
index, the second Chern number (2CN), leading to a
nonlinear quantized response [20–22]. Both the 2D and
4D QH effects exhibit a variety of exotic strongly correlated
phases in the presence of interactions [20,23]. Hence, 4D
models with nonvanishing 2CNs have attracted much
theoretical attention [21,24–28].
In this Letter, we describe a concrete proposal for
realizing the 4D QH effect using ultracold gases in optical
lattices. We present a semiclassical analysis predicting the
general transport equations in 4D setups: this includes a
nonlinear response, related to the 2CN, but also a linear
response, associated with an exotic 2D QH effect for the
current flowing across 2D planes within the 4D system. We
then propose realistic protocols through which these
responses could be measured experimentally.
Semiclassical analysis.—We consider particles of charge
q ¼ −1 [29], moving in a lattice system and prepared in a
nondegenerate energy band EðkÞ. The geometrical properties of the Bloch band’s eigenstates jui are encoded in the
Berry curvature 2-form [30], Ω ¼ ð1=2ÞΩμν ðkÞdkμ ∧ dkν ,
with components Ωμν ¼ iðh∂ kμ uj∂ kν ui − h∂ kν uj∂ kμ uiÞ. The
indices μ run over spatial coordinates with Einstein
summation convention, and we set ℏ ¼ 1 unless otherwise
stated. Specifically, we are interested in transport under
external (weak) electric E ¼ Eμ eμ and magnetic fields,
where Bμν ¼ ∂ μ Aν − ∂ ν Aμ is the magnetic field strength
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and A ¼ Aμ eμ is the vector potential. We assume that any
strong magnetic fields are directly incorporated into the
Bloch band via the (magnetic) eigenstates jui [31].
Considering for now a system of arbitrary dimensions
(d ≥ 2), we write the semiclassical equations of motion for
a wave packet as [30–34]
r_ μ ðkÞ ¼

∂EðkÞ _ μν
− kν Ω ðkÞ;
∂kμ

k_ μ ¼ −Eμ − r_ ν Bμν ;

ð1Þ

ð2Þ

where r ¼ rμ eμ [resp. k ¼ kμ eμ ] denotes the mean position
[resp. quasimomentum] of the wave packet. We stress that
the external fields Eμ and Bμν are sufficiently weak
perturbations that, at this level, the wave packet adiabatically follows the band EðkÞ [35]. Next, we insert Eq. (2)
into Eq. (1), in order to derive a transport equation relating
the mean velocity to the external fields. To second order in
the perturbations, this yields [35]
r_ μ ðkÞ ¼
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∂EðkÞ
þ Eν Ωμν ðkÞ þ Eδ Bνγ Ωγδ ðkÞΩμν ðkÞ
∂kμ


∂EðkÞ ∂EðkÞ γδ
þ
þ
Ω ðkÞBδα Ωμν ðkÞBνγ :
∂kγ
∂kα

ð3Þ

In addition to the group velocity of the band ∂ kμ E, the first
line of Eq. (3) includes two important response terms. The
first of these corresponds to a transverse drift induced by
the electric field, which is responsible for the QH effect in
2D; the second reveals a nonlinear (electromagnetic)
response, which is quadratic in the Berry curvature. In
this Letter, we are first interested in the transport of
fermions completely filling the band EðkÞ. In this case,
neither the group velocity nor the terms in the second line
of Eq. (3) contribute to the response [35]. Anticipating that
the nonlinear term in the first line of Eq. (3) will be crucial
when d ≥ 4, as suggested by topological field theory
[20,21], we now explicitly consider d ¼ 4.
4D transport equations and topological invariants.—In
the semiclassical approach, special care is required when
evaluating the contribution of all the Bloch states in a given
Bloch band [30]. An integration performed over phase
space involves the usual density of states ð1=2πÞd whenever
either the external magnetic field or the Berry curvature is
absent. However, in the presence of both quantities, the
physical position and momentum must both be distinguished from the canonical coordinates, leading to a
corresponding modification of the density of states
[48–50]. In 4D, we find that the sum over all Bloch states
can be accurately replaced by the integral [35]

X
k

V
≡
ð2πÞ4
þ

Z 
1
1 þ Bμν Ωμν
2
T4


1 αβγδ
ðε Bαβ Bγδ Þðεμνλρ Ωμν Ωλρ Þ d4 k;
64

ð4Þ

where indices now take values μ ¼ x, y, z, w, V is the
system’s volume, εαβγδ is the 4D Levi-Civita symbol, and
where the integration is over the first (magnetic) Brillouin
zone (T 4 ). One readily verifies that Eq. (4) generalizes the
phase-space integration previously derived for 3D systems
[48]. Combining Eq. (4) with Eq. (3) one obtains the
transport
P for a filled band, i.e., defining the current density
jμ ¼ k r_ μ ðkÞ=V yields [35]
jμ ¼ Eν

1
ð2πÞ4

Z
T4

Ωμν d4 k þ

ν2 μαβν
ε Eν Bαβ ;
4π 2

ð5Þ

introducing the 2CN [20,21,51,52,55]
Z
1
Ω ∧ Ω ∈ Z;
8π 2 T 4
Z
1
¼ 2
Ωxy Ωzw þ Ωwx Ωzy þ Ωzx Ωyw d4 k:
4π T 4

ν2 ¼

ð6Þ

The transport equation, Eq. (5), is a central result of this
work; it was derived from the semiclassical equations of
motion [Eqs. (1) and (2)], without any assumptions about
the system beyond the nondegeneracy of the Bloch band.
The only two contributions for the filled band are a linear
response, reminiscent of the 2D quantum Hall effect [19],
and a nonlinear response proportional to the 2CN. We
emphasise that the latter effect only takes place in systems
of dimension d ≥ 4, as formally imposed by the LeviCivita symbol. This 4D QH effect was originally derived
from a topological-field-theory approach [20,21] for
TR-symmetric spinful systems, where the linear response
vanishes by symmetry [56]. We note that 2CNs were
previously studied from semiclassics in the polarization
of inhomogenous crystals [57]. The transport equation, Eq. (5), can also be derived from a Streda-formula
approach [35].
Realistic physical system.—We now describe our experimental proposal for observing 4D QH physics [Eq. (5)]
based on cold-atom technology. As is clear from Eq. (6), a
nontrivial 2CN requires that the Berry curvature has nonzero components in “disconnected” planes, e.g., Ωzx ,
Ωyw ≠ 0. This sets a constraint on the minimal models
displaying nontrivial 4D bands. Inspired by Ref. [28], we
propose to build a 4D lattice in which the x-z and y-w
planes are penetrated by uniform magnetic fluxes Φ1;2 ,
respectively. This corresponds to two copies of the
Hofstadter model [58] defined in disconnected planes.
The Hamiltonian is thus of the tight-binding form
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X
Ĥ ¼ −J c†rþaex cr þ c†rþaey cr
r

þ ei2πΦ1 x=a c†rþaez cr þ ei2πΦ2 y=a c†rþaew cr þ H:c:;

ð7Þ

where c†r creates a fermion at lattice site r ¼ ðx; y; z; wÞ, a
is the lattice spacing, J is the hopping amplitude [Fig. 1(a)].
This model has two main ingredients: (i) x-dependent
Peierls phase factors for tunneling along the z direction,
generating a uniform flux Φ1 in the x-z plane, and (ii) ydependent Peierls phase factors for tunneling along the w
direction, creating a uniform flux Φ2 in the y-w plane. The
first ingredient, (i), can be engineered using the method
implemented in Refs. [5–7], i.e., by combining a superlattice (or a Wannier-Stark ladder) along the z direction
with a resonant time modulation of the optical-lattice
potential [59–61]. The second ingredient, (ii), requires
an extra (synthetic) dimension [11,12,15,16], which can
be simulated by adjusting two-photon Raman coupling to
induce transitions between different internal atomic states
[35]. The Raman wave vector should be aligned along
the y direction so as to realize y-dependent Peierls phase
factors [Fig. 1(a)], as was successfully implemented in
Refs. [15,16]. In general, hopping processes along the
synthetic dimension are inhomogeneous [12,35], but we
verified that this does not significantly alter the topological
band properties studied below [35]. Hence, for the sake of
simplicity, we assume the 4D system [Eq. (7)] is isotropic
with a single hopping rate J for all hopping processes.
The bulk energy spectrum EðkÞ of the model [Eq. (7)] is
reminiscent of the two underlying (2D) Hofstadter models
defined in the x-z and y-w planes [28,35]. Specifically, the
(a)

(b)
6
4
2
0
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spectrum corresponds to the Minkowski sum
E ¼ fE1 þ E2 jE1 ∈ E xz ; E2 ∈ E yw g, where E xz and E yw
denote the spectra associated with the 2D Hofstadter
models [35]. This rich 4D spectrum has a lowest band
E 1 ðkÞ, which is generally nondegenerate and, for suitable
fluxes of the form Φ1 ¼ 1=q1 and Φ2 ¼ 1=q2 with q1 ,
q2 ∈ Z, can be well isolated from higher-energy bands.
This happens, for example, for fluxes Φ1;2 ¼ 1=4 where the
lowest band E 1 ðkÞ has a large flatness ratio Δ=W ≈ 3, for
bandwidth W and the lowest bulk gap Δ ≈ 1.3J [Fig. 1(b)].
We henceforth focus on this choice of Φ1;2 , as it is relevant
to recent experiments on the 2D Hofstadter model [5,7].
The bulk spectrum also inherits the topological properties of the underlying Hofstadter models [28,35]. The
lowest band E 1 ðkÞ is characterized by a nonzero 2CN
yw
[62], which can be factorized as ν2 ¼ νzx
1 × ν1 , where we
introduced the 1CNs associated with the lowest bands of
the 2D spectra E xz and E yw , respectively [35]. Note that the
4D Berry curvature Ωμν and the 2CN ν2 of the lowest band
can be evaluated numerically, with a 4D generalization [35]
of the method developed in Ref. [63].
Response of the system to external fields.—We now
investigate the transport equations [Eq. (5)] with external
“electric” Eμ and “magnetic” Bμν fields. As the atoms are
neutral, the electric field Eμ corresponds here to a linear
gradient, which can either be magnetically [5,6] or optically
[7] created. The perturbing magnetic field Bμν can be
generated by engineering additional Peierls phase factors.
For the sake of experimental simplicity, we choose the
weak field Bμν to have a single nonzero component,
~ 2 , as is readily achieved by adding an extra
Bzw ¼ −2π Φ=a
z-dependent phase factor to internal-state transitions [64];
this occurs in our proposed system if the Raman wave
vector is tilted in the y-z plane. To isolate the linear and
nonlinear responses, we align the electric field along the y
direction, E ¼ Ey ey . The transport equations [Eq. (5)] are
then explicitly jy ¼ jz ¼ 0, and
ν2
ν
~
Ey Bzw ¼ − 2 2 Ey Φ;
4π 2
2πa
Z
1
νyw
1
w
wy 4
Ω
d
k
¼
−
Ey :
j ¼ Ey
ð2πÞ4 T 4
2πa2 q1

-2

jx ¼

-4
-6

FIG. 1 (color online). (a) The 4D lattice in the absence of
perturbing fields (Eμ , Bμν ¼ 0). Atoms move in a 3D optical
lattice, with hopping amplitude J. A Hofstadter model [58] is
realized in the x-z plane, with flux 2πΦ1 per unit cell, from
x-dependent Peierls phase factors in the hopping along the z
direction [5–7]. A fourth (synthetic) dimension [11,12], with
coordinate w, is accessible at each lattice site, as Raman coupling
induces internal-state transitions [35]. A second Hofstadter
model, with flux 2πΦ2 , is realized in the y-w plane by adding
a y-dependent phase factor to the internal-state transitions, i.e., by
aligning the Raman wave vector along the y direction [12,15,16].
(b) Energy spectrum Eðkx ; ky Þ for Φ1;2 ¼ 1=4, and for many
values kz;w over the Brillouin zone; the 2CN of the lowest
(nondegenerate) band is indicated.

ð8Þ
ð9Þ

Importantly, Eq. (8) reveals a genuine nonlinear 4D-QH
response along the x direction. In Eq. (9), we have
highlighted the 1CN νyw
1 associated with the y-w plane
[65], and have used that the flux is Φ1 ¼ 1=q1 in the x-z
plane. Hence, Eq. (9) shows that an exotic 2D QH effect
takes place in the y-w plane: defining the Hall conductivity
in this plane as σ wy ¼ jw2D =Ey ¼ a2 jw =Ey , we find
σ wy ¼ −ðe2 =hÞνyw
1 =q1 ;

q1 ; νyw
1 ∈ Z;

ð10Þ

where the conductivity quantum e2 =h is reintroduced. Such
a “fractional QH effect” is allowed in noninteracting
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systems provided the associated 2D plane is embedded in a
higher-dimensional system [18], as recently shown in 3D
topological insulators [66]. Here, the fractionalization of
the Hall conductivity σ wy reflects the change in size of the
magnetic Brillouin zone due to the flux Φ1 ¼ 1=q1 penetrating the disconnected plane x-z.
Numerical calculations.—In order to test the predictions
in Eqs. (8) and (9), we have numerically calculated the
current density jμ in a 4D lattice system filling the lowest
bulk band. The plots in Fig. 2(a) show the quasistationary
current density jμ obtained after ramping up the field Ey to
the final value Ey ¼ −0.2J=a, which was chosen so as to
limit interband transitions [7,67,68]. Comparing these
numerical results to Eqs. (8) and (9) allows one to
extract the topological indices: we find ν2 ≈ −1.07 and
νyw
1 ≈ −1.03, in agreement with the topological band
structure (ν2 ¼ νyw
1 ¼ −1). These simulations also validate
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FIG. 2 (color online). (a) Current density jμ ðtÞ after ramping up
the electric field to Ey ¼ −0.2J=a. The fluxes were taken
Φ1;2 ¼ 1=4, and the Fermi energy EF ¼ −5J was set in the first
bulk energy gap [see Fig. 1(b)]. The perturbing magnetic field
~ 2 ¼ −π=5a2 . Simulations were
was chosen as Bzw ¼ −2π Φ=a
performed on a 8 × 10 × 10 × 4 lattice, with periodic boundary
conditions along the x, z, w directions. The component jw was
also calculated for Φ1 ¼ 1=5 (red dotted line). Black lines show
predictions [Eqs. (8) and (9)] for ν2 ¼ νyw
1 ¼ −1. (b) Center-ofmass trajectory xc:m: ðtÞ after ramping up the electric field to
Ey ¼ 0.2J=a; the nonlinear response is in the opposite direction
to (a) as Ey is reversed. Simulations are for a 12 × 12 × 10 × 4
lattice, with periodic boundary conditions along the z, w
directions. The initial radius of the cloud was r0 ¼ 4a in the
x-y plane. The fluxes are Φ1;2 ¼ 1=4, with all other parameters
the same as in (a). The red dotted curve shows the predicted drift,
~
for ν2 ¼ −1.
vxc:m: ¼ jx × 16a4 ¼ −8a2 ν2 Ey Φ=π,
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the Φ1 dependence in Eqs. (9) and (10), as we see that jw is
indeed reduced by a factor 4=5 when changing the flux
Φ1 ¼ 1=4 → 1=5 in the x-z plane.
While current measurements could be performed in coldatom experiments [69,70], e.g., by generalizing the method
of Ref. [71], a more accessible probe of the topological
transport would be the observation of the center-of-mass
(c.m.) motion of the cloud [7,68]. The c.m. velocity for this
system is vμc:m: ¼ jμ V cell , where jμ is given in Eqs. (8) and (9),
and V cell is the (magnetic) unit cell volume [7,68,72], which
is V cell ¼ 16a4 for Φ1;2 ¼ 1=4. For a perturbing flux
~ ¼ 1=10, we find that the 2CN response should lead to
Φ
a drift along the x direction with vxc:m: ≈ 2a=T B , where T B ¼
2π=aEy ≈ 50 ms is a typical Bloch oscillation time [7]. Such
a cloud displacement is of the same order as the one reported
in the recent 1CN measurement [7]. We analyzed the c.m.
displacement xc:m: ðtÞ by simulating a 4D system with open
boundary conditions in the x, y directions. Numerically, the
cloud is initially confined in the presence of all fluxes, then
the confinement is removed and the electric field is ramped
up [68]. From the c.m. drift in Fig. 2(b), we extract a realistic
“experimental” value for the 2CN: ν2 ≈ −0.98.
Discussion.—The c.m. response, presented in Fig. 2(b)
for a Fermi system initially filling the lowest energy band,
is strictly identical to that obtained if the band is uniformly,
but only partially, filled [35]. This situation typically occurs
when a thermal gas is loaded into an energy band with a
large flatness ratio [7], such as the lowest band in Fig. 1(b).
Consequently, the 4D QH physics discussed here could
equally be explored using Fermi or Bose gases [7]. We note
that other external-field configurations could be chosen to
fully test the 4D physics in Eq. (5). We also stress that an
accurate measurement of the 2CN requires a large number
of internal states [35]; this can be solved experimentally by
imposing periodic boundary conditions along the synthetic
dimension, as could be realized with an extra Raman
coupling [12]. Finally, we note that the topological gap
Δ ≈ 1.3J is of the same order as in Ref. [7]; this requires
low but achievable temperatures to extract the band’s
topology (see Ref. [7] for methods to extract the Chern
number in the presence of band repopulation, and Ref. [73]
on heating sources).
Conclusion.—We have proposed a realistic physical
platform to observe the 4D QH effect in cold-atom transport experiments [7,8,67,68]. We have highlighted the
minimal requirements for measuring a nontrivial 2CN in
an atomic system, exploiting Raman transitions between
internal states [12]. Our proposal sets the stage for the
future experimental exploration of higher-dimensional
topological phases. The principles of our setup could also
be extended beyond cold atoms, for example, to photonic
systems [74]. Realizing such 4D systems experimentally
will be especially intriguing as they may harbor exotic
collective excitations [20].
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